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1. Introduction 

In quantum field theory, correlation functions of local operators may contain 5-function 
singularities at coincident points. Such contributions are referred to as contact terms. Typ- 
ically, they are not universal. They depend on how the operators and coupling constants 
of the theory are defined at short distances, i.e. they depend on the regularization scheme. 
This is intuitively obvious, since contact terms probe the theory at very short distances, 
near the UV cutoff A. If A is large but finite, correlation functions have features at dis- 
tances of order A -1 . In the limit A — > oo some of these features can collapse into 5-function 
contact terms. 

In this paper, we will discuss contact terms in two-point functions of conserved cur- 
rents in three-dimensional quantum field theory. As we will see, they do not suffer from 
the scheme dependence of conventional contact terms, and hence they lead to interesting 
observables. 

It is convenient to promote all coupling constants to classical background fields and 
specify a combined Lagrangian for the dynamical fields and the classical backgrounds. 
As an example, consider a scalar operator 0(x), which couples to a classical background 
field X(x), 

^ = J^o + X(x)0(x) + c\ 2 (x) + c'X(x)d 2 X(x) + ■■■ . (1.1) 

Here Jzfo only depends on the dynamical fields and c, c' are constants. The ellipsis denotes 
other allowed local terms in X(x). If the theory has a gap, we can construct a well-defined 
effective action F[X] for the background field X(x), 

e -m = (e-f*'*} , (1.2) 

which captures correlation functions of 0(x). (Since we are working in Euclidean signa- 
ture, F[X] is nothing but the free energy.) At separated points, the connected two-point 
function (O(x)O(y)) arises from the term in ( |1 . 1|) that is linear in X(x). Terms quadratic 
in X(x) give rise to contact terms: c5^ 3 \x — y) + c'd 2 5^(x — y) + ■ ■ • ■ 

A change in the short-distance physics corresponds to modifying the Lagrangian ( |1 . 1] ) 
by local counterterms in the dynamical and the background fields. For instance, we can 
change the constants c, c' by modifying the theory near the UV cutoff, and hence the corre- 
sponding contact terms are scheme dependent. Equivalently, a scheme change corresponds 
to a field redefinition of the coupling X(x). This does not affect correlation functions at 
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separated points, but it shifts the contact terms [ffj. A related statement concerns redun- 



dant operators, i.e. operators that vanish by the equations of motion, which have vanishing 
correlation functions at separated points but may give rise to non-trivial contact terms. 

Nevertheless, contact terms are meaningful in several circumstances. For example, 
this is the case for contact terms associated with irrelevant operators, such as the mag- 
netic moment operator. Dimensionless contact terms are also meaningful whenever some 
physical principle, such as a symmetry, restricts the allowed local counterterms. A well- 
known example is the seagull term in scalar electrodynamics, which is fixed by gauge 
invariance. Another example is the trace anomaly of the energy-momentum tensor T^ v 
in two-dimensional conformal field theories. Conformal invariance implies that is a 
redundant operator. However, imposing the conservation law d^T^ v = implies that 
has non-trivial contact terms. These contact terms are determined by the correlation func- 
tions of at separated points, and hence they are unambiguous and meaningful. This 
is typical of local anomalies . 

If we couple T^ v to a background metric g^ v , the requirement that T^ v be conserved 
corresponds to diffeomorphism invariance, which restricts the set of allowed counterterms. 
In two dimensions, the contact terms of Tff are summarized by the formula {Tff) = -^R, 
where c is the Virasoro central charge and R is the scalar curvature of the background 
metric.0 This result cannot be changed by the addition of diffeomorphism-invariant local 
counterterms. 

The contact terms discussed above are either completely arbitrary or completely mean- 
ingful. In this paper we will discuss a third kind of contact term. Its integer part is scheme 
dependent and can be changed by adding local counterterms. However, its fractional part 
is an intrinsic physical observable. 

Consider a three-dimensional quantum field theory with a global U(l) symmetry and 
its associated current j^. We will assume that the symmetry group is compact, i.e. only 
integer charges are allowed. The two-point function of j M can include a contact term, 



Here k is a real constant. Note that this term is consistent with current conservation. We 
can couple j M to a background gauge field a M . The contact term in ( |TT3| ) corresponds to a 
Chern- Simons term for a M in the effective action F[a], 






(1.4) 



In our conventions, a d-dimensional sphere of radius r has scalar curvature R 



d(d-l) 
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We might attempt to shift k — > K + 5k by adding a Chern-Simons counterterm to the UV 
Lagrangian, 

SJ?= % Al e ^p a dva . (1.5) 

47T 

However, this term is not gauge invariant, and hence it is not a standard local counterterm. 

We will now argue that ( |1.5| ) is only a valid counterterm for certain quantized val- 
ues of 5k. Since counterterms summarize local physics near the cutoff scale, they are 
insensitive to global issues. Their contribution to the partition function (T72) must be a 



well-defined, smooth functional for arbitrary configurations of the background fields and 
on arbitrary curved three- manifolds Since we are interested in theories with fermions, 



we require M3 to be a spin manifold. Therefore (L5) is an admissible counterterm if its 
integral is a well-defined, smooth functional up to integer multiples of 2m. This restricts 5 k 
to be an integer. 

Usually, the quantization of 5k is said to follow from gauge invariance, but this is 
slightly imprecise. If the U(l) bundle corresponding to is topologically trivial, then a M is 
a good one-form. Since ( |1.5p shifts by a total derivative under small gauge transformations, 
its integral is well defined. This is no longer the case for non-trivial bundles. In order to 
make sense of the integral, we extend to a connection on a suitable U(l) bundle over a 
spin four- manifold M.4 with boundary .M3, and we define 

± [ d 3 xe^ p a^a p = ^- [ d 4 xe^ pX F^F pX , (1.6) 
4tt J Ma 16tt J Ma 

where F^ u = d p a v — d v a p is the field strength. The right-hand side is a well-defined, 
smooth functional of a M , but it depends on the choice of M.4,. The difference between two 
choices .M4 and Ai'^ is given by the integral over the closed four-manifold X±, which is 
obtained by properly gluing .M4 and along their common boundary M3. Since X4 is 
also spin, we have 

/ d 4 xe^ pX F^F pX = 2-Kin , n E Z . (1.7) 

JXa 



16tt 



Thus, if 5k is an integer, the integral of ( |1.5|) is well defined up to integer multiples of 27u.i 



2 In a purely bosonic theory we do not require AI3 to be spin. In this case 5k must be an even 
integer. 
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We conclude that a counterterm of the from (L5) can only shift the contact term k 
in (|1.3|) by an integer. Therefore, the fractional part Kmodl does not depend on short- 
distance physics. It is scheme independent and gives rise to a new meaningful observable 
in three-dimensional field theories. This observable is discussed in section 2. 

In section 2, we will also discuss the corresponding observable for the energy- 
momentum tensor T^ v . It is related to a contact term in the two-point function of T^, 

(T^ u (x)T pa (0)) = - ■ • - -g- ((e^xd^d^ - dH UfJ ) + (ji O u)) + (p O a)) 5&\x) . 

(1.8) 

This contact term is associated with the gravitational Chern-Simons term, which is prop- 
erly defined by extending the metric g pv to a four-manifold, 
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J y/g d 3 xe* vp Tr {u„d v ui p + ^u^u^ = ^ J d 3 x e^ p<7 R^ k xR p<j kX . 

(1.9) 

Here u; M is the spin connection and R^ pr7 is the Riemann curvature tensor. Note that we 
do not interpret the left-hand side of ( |1.9|) as a Chern-Simons term for the 50(3) frame 
bundle. (See for instance the discussion in ||.) As above, two different extensions of .M3 
differ by the integral over a closed spin four-manifold X4, 

[ y /g&xef u ' pa R llVK xR pa KX = 2mn, neZ. (1.10) 
JXa 



768tt 



Therefore, the gravitational Chern-Simons term (|1.9| ) is a valid counterterm, as long as its 
coefficient is an integer.! Consequently, the integer part of the contact term k 9 in ([L8|) is 
scheme dependent, while the fractional part n g mod 1 gives rise to a meaningful observable. 

We would briefly like to comment on another possible definition of Chern-Simons 
counterterms, which results in the same quantization conditions for their coefficients. It 
involves the Atiyah-Patodi- Singer ^-invariant ||||, which is defined in terms of the eigen- 
values of a certain Dirac operator on M.3 that couples to a M and g pv . (Loosely speaking, 
it counts the number of eigenvalues, weighted by their sign.) Therefore, rj[a,g] is intrin- 
sically three-dimensional and gauge invariant. The Atiyah-Patodi- Singer theorem states 
that i7rr][a,g] differs from the four- dimensional integrals in ( |1.6| ) and (|1.9[) by an integer 
multiple of 2ni. Hence, its variation gives rise to contact terms of the form ( |1.3| ) and ( |1.8| ). 
Although rj[a,g] is well defined, it jumps disco ntinuously by 2 when an eigenvalue of its 



If M3 is not spin, then the coefficient of ( |1.9| ) should be an integer multiple of 16. 
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associated Dirac operator crosses zero. Since short-distance counterterms should not be 
sensitive to zero-modes, we only allow inr][a, g] with an integer coefficient. 

In section 3, we discuss the observables k mod 1 and n g mod 1 in several examples. 
We use our understanding of these contact terms to give an intuitive proof of a non- 
renormalization theorem due to Coleman and Hill ||. 

In section 4 we extend our discussion to three-dimensional theories with M = 2 su- 
per symmetry. Here we must distinguish between U(l) flavor symmetries and U(1)r sym- 
metries. Some of the contact terms associated with the /^-current are not consistent with 
conformal invariance. As we will see in section 5, this leads to a new anomaly in M = 2 
superconformal theories, which is similar to the framing anomaly of [^0|. The anomaly 
can lead to violations of conformal invariance and unitarity when the theory is placed on 
curved manifolds. 

In section 6, we explore these phenomena in A^ = 2 super symmetric QED (SQED) with 
a dynamical Chern-Simons term. For some range of parameters, this model is accessible 
in perturbation theory. 

In supersymmetric theories, the observables defined in section 4 can be computed 



exactly using localization [pLl| . In section 7, we compute them in several theories that were 
conjectured to be dual, subjecting these dualities to a new test. 

Appendix A contains simple free-field examples. In appendix B we summarize relevant 
aspects of Af = 2 supergravity. 



2. Two-Point Functions of Conserved Currents in Three Dimensions 

In this section we will discuss two-point functions of flavor currents and the energy- 
momentum tensor in three-dimensional quantum field theory, and we will explain in detail 
how the contact terms in these correlators give rise to a meaningful observable. 

2.1. Flavor Currents 

We will consider a U(l) flavor current j„. The extension to multiple C7(l)'s or to 
non-Abelian symmetries is straightforward. Current conservation restricts the two-point 
function of j M . In momentum spaced 

i \\ (P 2 \PnPv-P 2 &nv , ( P 2 \ e^ppP . . 



Given two operators A(x) and B(x), we define (A(p)B(—p)) = J d 3 xe tp x (A(x)B(0)) . 
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Here r (p 2 /fJ. 2 ) and k (p 2 /fx 2 ) are real, dimensionless structure functions and fx is an arbi- 
trary mass scale. 

In a conformal field theory (CFT), r = tcft and k = kcft are independent of p 2 . 
(We assume throughout that the symmetry is not spontaneously broken.) In this case ( pO| ) 
leads to the following formula in position space:i 

(j,(x)M0)) = (5^d 2 - d^) + !^ £Mi ^(3) (x) . (2.2) 

This makes it clear that tcft controls the behavior at separated points, while the term pro- 
portional to kcft is a pure contact term of the form (|1.3| ). Unitarity implies that tcft > 0. 
If tcft = then j M is a redundant operator. 

If the theory is not conformal, then k (p 2 / fx 2 ) may be a non-trivial function of p 2 . 
In this case the second term in ( |2.1|) contributes to the two-point function at separated 
points, and hence it is manifestly physical. Shifting k (p 2 / fx 2 ) by a constant 5k only affects 
the contact term ( |1.3| ). It corresponds to shifting the Lagrangian by the Chern-Simons 
counterterm ( |1.5|) . As explained in the introduction, shifts with arbitrary 5 k may not 
always be allowed. We will return to this issue below. 

It is natural to define the UV and IR values 

k uv = lim k i —~ ] , Km = lim k ( ^ J . (2.3) 

p 2 ^oo \fl 2 J p 2 ^0 \fX 2 J 

Adding the counterterm ( |1.5| ) shifts ktjv and kir by 5k. Therefore kuv _ ^ir is not 
modified, and hence it is a physical observable. 

We will now assume that the U(l) symmetry is compact, i.e. only integer charges are 
allowed. (This is always the case for theories with a Lagrangian description, as long as we 
pick a suitable basis for the Abelian flavor symmetries.) In this case, the coefficient 5k of 
the Chern-Simons counterterm (|1.5|) must be an integer. Therefore, the entire fractional 
part k(p 2 /li 2 ) mod 1 is scheme independent. It is a physical observable for every value 
of p 2 . In particular, the constant ^cft mod 1 is an intrinsic physical observable in any 
CFT. 

The fractional part of kqft has a natural bulk interpretation for CFTs with an AdS<± 
dual. While the constant tcft is related to the coupling of the bulk gauge field corre- 
sponding to jp, the fractional part of kqft is related to the bulk #-angle. The freedom to 



shift kcft by an integer reflects the periodicity of 9, see for instance (12 



5 A term proportional to e llvp d p \x\ 3 , which is conserved and does not vanish at separated 
points, is not consistent with conformal invariance. 
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In order to calculate the observable «cft mod 1 for a given CFT, we can embed the 
CFT into an RG flow from a theory whose k is known - for instance a free theory. We 
can then unambiguously calculate K(p 2 /fi 2 ) to find the value of kqft in the IR. This 
procedure is carried out for free massive theories in appendix A. More generally, if the 
RG flow is short, we can calculate the change in k using (conformal) perturbation theory. 
In certain supersymmetric theories it is possible to calculate kqft mod 1 exactly using 



localization 11 . This will be discussed in section 7. 



We would like to offer another perspective on the observable related to n(p 2 )- Us- 
ing ( [2.1| ), we can write the difference kuv ~ K m as follows: 

«uv -K m = — I d 3 xx 2 e^ p d t ,(j„(x)j p (0)) . (2.4) 

6 Jm 3 -{o} 

The integral over M 3 — {0} excludes a small ball around x = 0, and hence it is not sensitive 
to contact terms. The integral converges because the two-point function £^ L,p d tl (j u (x)j p (0)) 
vanishes at separated points in a conformal field theory, so that it decays faster than -\ 
in the IR and diverges more slowly than -\ in the UV. Alternatively, we can use Cauchy's 
theorem to obtain the dispersion relation 

Mjv - «ir = - / — Im« » . (2.5) 

Wo s \ fJ?J 



This integral converges for the same reasons as (|2.4[ ). Since it only depends on the imagi- 
nary part of k(p 2 /(i 2 ), it is physical. 



The formulas (|2.4|) and (2J3) show that the difference between kuv and kir can be 



understood by integrating out massive degrees of freedom as we flow from the UV theory 
to the IR theory. Nevertheless, they capture the difference between two quantities that 
are intrinsic to these theories. Although there are generally many different RG flows that 
connect a pair of UV and IR theories, the integrals in ( |2.4| ) and ( |2.5p are invariant under 
continuous deformations of the flow. This is very similar to well-known statements about 
the Virasoro central charge c in two dimensions. In particular, the sum rules (|2.4[) and (|2 . 5|) 



are analogous to the sum rules in [13,14] for the change in c along an RG flow 



2.2. Energy-Momentum Tensor 



We can repeat the analysis of the previous subsection for the two-point function of 
the energy-momentum tensor T^ Vl which depends on three dimensionless structure func- 
tions T g (p 2 /n 2 ), T' g (p 2 /n 2 ), and n g (p 2 /^ 2 ), 

(T^{p)T pa {-p)) = -{p^ - p 2 5^)(PpPa ~ p 2 5pa) T9 - 

- [ip^Pp -p 2 8 w ){ P uP„ - P 2 8 ua ) + i/)) T ' 9 (2-6) 

+ Kg fj^ - {(£w\P X {PvPv ~ P 2 <W) + fa v)) + (p <r)) • 

Unitarity implies that r g (p / /jt) + r' g (p 2 / fj 2 ) > 0. If the equality is saturated, the trace Tfi 
becomes a redundant operator. This is the case in a CFT, where r g = —r' g and K g are 
constants. The terms proportional to r g determine the correlation function at separated 
points. The term proportional to K g gives rise to a conformally invariant contact term ( |1.8| ). 
It is associated with the gravitational Chern-Simons term (|1.9| ), which is invariant under 
a conformal rescaling of the metric. Unlike the Abelian case discussed above, the contact 
term K g is also present in higher-point functions of T^ v . (This is also true for non- Abelian 
flavor currents.) 

Repeating the logic of the previous subsection, we conclude that « ff> uv ~ K g,iR is 
physical and can in principle be computed along any RG flow. Moreover, the quanti- 
zation condition on the coefficient of the gravitational Chern-Simons term ( p..9|) implies 
that the fractional part K g (p 2 /iJ, 2 ) mod 1 is a physical observable for any value of p 2 . In 
particular K^cFTmodl is an intrinsic observable in any CFT. 



3. Examples 

In this section we discuss a number of examples that illustrate our general discussion 
above. An important example with M = 2 supersymmetry will be discussed in section 6. 
Other examples with M = 4 supersymmetry appear in . 



3.1. Free Fermions 

We begin by considering a theory of N free Dirac fermions of charge +1 with real 
masses m;. Here we make contact with the parity anomaly of |16| . |T7| ,f4|| . As is re- 



viewed in appendix A, integrating out a Dirac fermion of mass m and charge +1 shifts k 
by — | sgn(m), and hence we find that 



i^sgn(mi) . (3.1) 



i=l 

If N is odd, this difference is a half-integer. Setting kuv = implies that Kir is a 
half-integer, even though the IR theory is empty. In the introduction, we argued that 
short-distance physics can only shift k by an integer. The same argument implies that kir 
must be an integer if the IR theory is fully gapped.! We conclude that it is inconsistent 
to set K\jy to zero; it must be a half-integer. Therefore, 

k uv = ^ + n , n e Z , 

! " (3-2) 
«ir = ^uv - g s § n ( TO *) G Z • 

i=l 

The half-integer value of kuv implies that the UV theory is not parity invariant, even 
though it does not contain any parity-violating mass terms. This is known as the parity 
anomaly |lf],[E7y§. 



We can use ( |3.2| ) to find the observable kqft mod 1 for the CFT that consists of N 
free massless Dirac fermions of unit charge: 

JO N even 

KCFT modl = ji Nodd (3.3) 

This illustrates the fact that we can calculate kqfT: if we can connect the CFT of interest 
to a theory with a known value of k. Here we used the fact that the fully gapped IR theory 
has integer kir. 

We can repeat the above discussion for the contact term k 9 that appears in the two- 
point function of the energy-momentum tensor. Integrating out a Dirac fermion of mass m 
shifts Kg by — sgn(m), so that 

«g,UV - Kg,lR = ^ S § n ( m ■ ( 3 - 4 ) 



6 We refer to a theory as fully gapped when it does not contain any massless or topological 
degrees of freedom. 
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If we instead consider N Majorana fermions with masses m;, then k s ,uv — K g,iR would 
be half the answer in ( |3.4j) . Since K g ,m must be an integer in a fully gapped theory, we 
conclude that K g ,uv is a half-integer if the UV theory consists of an odd number of massless 
Majorana fermions. This is the gravitational analogue of the parity anomaly. 

3.2. Topological Currents and Fractional Values of n 

Consider a dynamical U(l) gauge field A^, and the associated topological current 

j„ = ^-e^ p d v A p , peZ. (3.5) 

Note that the corresponding charges are integer multiples of p. We study the free topo- 
logical theory consisting of two U(l) gauge fields - the dynamical gauge field and a 
classical background gauge field a M - with Lagrangian []T2| , [T8| - |2l|1 

% = -^(ke^ p A ll d„A p + 2pe^ p a tI d„A p + qe^ p a ll d„a p ) , k,p,qeZ. (3.6) 

The background field a p couples to the topological current j p in ( pj.5| ) . In order to compute 
the contact term k corresponding to j p , we naively integrate out the dynamical field A^ 
to obtain an effective Lagrangian for a p , 

2 

^eff = ^e^a^ap , k = q - V - . (3.7) 
Let us examine the derivation of ( ^.7| ) more carefully. The equation of motion for A^ 

is 

ke^ p d v A p = -pe pvp d v a p . (3.8) 

Assuming, for simplicity, that k and p are relatively prime, this equation can be solved 
only if the flux of through every two-cycle is an integer multiple of k. When this is 
not the case the functional integral vanishes. If the fluxes of are multiples of k, the 
derivation of ( |3.7| ) is valid. For these configurations the fractional value of k is harmless. 

This example shows that k is not necessarily an integer, even if the theory contains 
only topological degrees of freedom. Equivalently, the observable k mod 1 is sensitive to 
topological degrees of freedom. We would like to make a few additional comments: 
1.) The freedom in shifting the Lagrangian by a Chern-Simons counterterm ( |1 . 5|) with 

integer 5k amounts to changing the integer q in ( |3.6| ). 
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2. ) The value k = q — can be measured by making the background field a M dynamical 

o 

and studying correlation functions of Wilson loops for a^, in flat Euclidean space K . 
These correlation functions can be determined using either the original theory ( |3.6| ) 
or the effective Lagrangian ( p.7|) . 

3. ) Consider a CFT that consists of two decoupled sectors: a nontrivial CFTq with a 

global U(l) current and a U(l) Cher n- Simons theory with level k and topological 
current #e pu p d v ' A p . We will study the linear combination j p = + ^e pvp d v A p . 
Denoting the contact term in the two-point function of by Ko, the contact term k 
corresponding to is given by 

o 

K = kq — — + (integer) . (3.9) 

Since the topological current is a redundant operator, it is not possible to extract k by 
studying correlation functions of local operators at separated points. Nevertheless, the 
fractional part of k is an intrinsic physical observable. This is an example of a general 
point that was recently emphasized in P2"| : a quantum field theory is not uniquely 
characterized by its local operators and their correlation functions at separated points. 
The presence of topological degrees of freedom makes it necessary to also study various 
extended objects, such as line or surface operators. 

3.3. A Non-Renormalization Theorem 

Consider an RG flow from a free theory in the UV to a fully gapped theory in the IR. 
(Recall that a theory is fully gapped when it does not contain massless or topological de- 
grees of freedom.) In this case, we can identify «ir with the coefficient of the Chern-Simons 
term for the background field a p in the Wilsonian effective action. Since the IR theory is 
fully gapped, kir must be an integer. Depending on the number of fermions in the free 
UV theory, kuv is either an integer or a half-integer. Therefore, the difference kuv — k ir is 
either an integer or a half-integer, and hence it cannot change under smooth deformations 
of the coupling constants. It follows that this difference is only generated at one-loop. This 
is closely related to a non-renormalization theorem due to Coleman and Hill , which was 
proved through a detailed analysis of Feynman diagrams. Note that our argument applies 
to Abelian and non-Abelian flavor currents, as well as the energy-momentum tensor. 

When the IR theory has a gap, but contains some topological degrees of freedom, k 
need not be captured by the Wilsonian effective action. As in the previous subsection, 
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it can receive contributions from the topological sector. If the flow is perturbative, we 
can distinguish 1PI diagrams. The results of || imply that 1PI diagrams only contribute 
to k associated with a flavor current at one-loop. (The fractional contribution discussed 
in the previous subsection arises from diagrams that are not 1PI.) However, this is no 
longer true for K g , which is associated with the energy- momentum tensor. For instance, K g 
receives higher loop contributions from 1PI diagrams in pure non-Abelian Chern-Simons 



theory [10 



3.4- Flowing Close to a Fixed Point 

Consider an RG flow with two crossover scales M 3> m. The UV consists of a free 
theory that is deformed by a relevant operator. Below the scale M, the theory flows very 
close to a CFT. This CFT is further deformed by a relevant operator, so that it flows to 
a gapped theory below a scale m <M. 

If the theory has a C/(l) flavor current j„, the structure functions in ( p. If) interpolate 
between their values in the UV, through the CFT values, down to the IR: 





TUV 


p 2 > M 2 




TCFT 


m 2 < p 2 < M 2 




„ TIR 


p 2 <C m 2 




' ^UV 


p 2 > M 2 




KCFT 


m 2 < p 2 < M 2 




, «IR 


p 2 <C m 2 



(3.10) 



Since the UV theory is free, t\jv is easily computed (see appendix A). In a free theory 
we can always take the global symmetry group to be compact. This implies that «uv 
is either integer or half-integer, depending on the number of fermions that are charged 
under j„. If j M does not mix with a topological current in the IR, then tir vanishes 
and kir must be an integer. This follows from the fact that the theory is gapped. 

Since we know K\jy and Kir, we can use the flow to give two complementary arguments 
that «cft mod 1 is an intrinsic observable of the CFT: 

1. ) The flow from the UV to the CFT: Here we start with a well- defined k\jv, which can 

only be shifted by an integer. Since «uv — ^cft is physical, it follows that kqft is 
well defined modulo an integer. 

2. ) The flow from the CFT to the IR: We can discuss the CFT without flowing into it 

from a free UV theory. If the CFT can be deformed by a relevant operator such that 
it flows to a fully gapped theory, then kir must be an integer. Since kcft — ^ir 
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is physical and only depends on information intrinsic to the CFT, i.e. the relevant 
deformation that we used to flow out, we conclude that the fractional part of kqft is 
an intrinsic observable of the CFT. 

Below, we will see examples of such flows, and we will use them to compute kqft mod 1. 

For the theory discussed in section 6, we will check explicitly that flowing into or out of 

the CFT gives the same answer for this observable. 

4. Theories with M = 2 Supersymmetry 

In this section we extend the previous discussion to three-dimensional theories 
with M = 2 supersymmetry. Here we must distinguish between U(l) flavor symmetries 
and U(1)r symmetries. 

4-1. Flavor Symmetries 

A £7(1) flavor current j M is embedded in a real linear superfield J, which satis- 
fies D 2 J = D J = 0. In components, 

J = J + i9j + iO] + i66K - (07*0) j„ - hpe^dtf - ^td^dj + l -6 2 td 2 J . (4.1) 

The supersymmetry Ward identities imply the following extension of ( |2.1|) :B 



i\p\ ' Mlw 27T 



(J(p)J(-p)> - Tff 



\P\ (4.2) 



(K(p)K(-p)) = -^? ff 



(J(p)K(-p)) 



K ff 
2tv 



Here we have defined Tff = ~t, so that Tff = 1 for a free massless chiral superfield of 
charge +1, and we have also renamed Kff = K. The subscript // emphasizes the fact that 
we are discussing two-point functions of flavor currents. 



7 Supersymmetry also fixes the two-point function of the fermionic operators j a and j in 
terms of T// and Kff, but in order to simplify the presentation, we will restrict our discussion to 
bosonic operators. 
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As in the non-supersymmetric case, we can couple the flavor current to a background 
gauge field. Following |2^,^3[, we should couple J to a background vector superfield, 



V = ■ • ■ + (9^9) afl - i99a - i9 2 9X + i9 2 9\ - ]-9 2 9 2 D . (4.3) 

Background gauge transformations shift V — > V + A + A with chiral A, so that a and D 
are gauge invariant, while transforms like an ordinary gauge field. (The ellipsis denotes 
fields that are pure gauge modes and do not appear in gauge-invariant functionals of V.) 
The coupling of J to V takes the form 



<L£? = -2 J d 4 9JV = -j> M -Ka-JD + (fermions) 



(4.4) 



As before, it may be necessary to also add higher-order terms in V to maintain gauge 
invariance. 

We can now adapt our previous discussion to k//. According to ( |4.2p , a constant value 
of Kff gives rise to contact terms in both (j fl (p)j^(—p)) and (J(p)K(—p)) . These contact 
terms correspond to a supersymmetric Chern-Simons term for the background field V, 



£> ff = -l£L [ d 4 9EV=^ {ie^Pau.dvdo - 2a D + (fermions)) 
JJ 2-k J An ^ H 



(4.5) 



Here the real linear superfield S = ^DDV is the gauge-invariant field strength correspond- 
ing to V. If the U(l) flavor symmetry is compact, then the same arguments as above imply 
that short-distance counterterms can only shift Kff by an integer, and hence the analysis 
of section 2 applies. In particular, the fractional part K//modl is a good observable in 
any super conformal theory with a U(l) flavor symmetry. 

4-2. R- Symmetries 

Every three-dimensional M = 2 theory admits a supercurrent multiplet 5^ that con- 
tains the supersymmetry current and the energy-momentum tensor, as well as other op- 
erators. A thorough discussion of supercurrents in three dimensions can be found in p5 ]. 



If the theory has a U(1)r symmetry, the 5-multiplet can be improved to a multiplet IZ^, 
which satisfies 



D P TZ afi = -AiD a J {z) , D 2 J {Z) = D 2 J {Z) = 

14 



(4.6) 



Here 7Z a p = —^laB^p 1S t ne symmetric bi-spinor corresponding to TZ^. Note that is 



—2 



a real linear multiplet, and hence TZ^ is also annihilated by D and D . In components, 

K» = jj™ ~ iOS^ - iOS^ - (0 7 "0) (2T^ + is^pdPJ^) 

- iB0(2jW + ie^PjWP) + ■■■ , (4.7) 

J (z) = J (z) - \ers» + \oi^» + mrn - (ere)j^ + ■ ■ ■ , 

where the ellipses denote terms that are determined by the lower components as in ( f4.1| ). 

(Ft) 

Here is the .R-current, S afl is the supersymmetry current, T^ v is the energy-momentum 

(z) 

tensor, and jjj, is the current associated with the central charge in the supersymmetry 
algebra. The scalar j( z ^ gives rise to a string current ie^pd 9 j( z K All of these currents are 
conserved. Note that there are additional factors of i in (|4.7| ) compared to the formulas 
in ||25|| , because we are working in Euclidean signature. (In Lorentzian signature the 
superfield TZ^ is real.) 

The 7£-multiplet is not unique. It can be changed by an improvement transformation, 



Kp =^-\ ([D a , Dp] + [Dp, D a ])j , 
J'W=jW-~'BDJ, 

where J is a flavor current and t is a real parameter. In components, 

AR) _ AR) _i_ 4- a 



j,{z) = j(z) +tK 5 

A(Z) = AZ) _ u . 



(4.9) 



Note that the .R-current jp is shifted by the flavor current j M . If the theory is superconfor- 
mal, it is possible to set J^ z ' to zero by an improvement transformation, so that J^ z \ Tjf, 
and are redundant operators. 

We first consider the two-point functions of operators in the flavor current multiplet J 
with operators in the TZ- multiplet. They are parameterized by two dimensionless structure 
functions r/ r and Kf r , where the subscript fr emphasizes the fact that we are considering 
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mixed flavor-i? two-point functions: 



(Up)jI R H-p)) = {p,P,-p\u)^+e, up p^ , 

(J(P)J (Z \-P)) = ^, 
Ztv 



(K(p)jW{-p)) 



Wfr 



(4.10) 



(J(p)T M „(-p)) = {p^p v -p 2 5 pv ) 



16H 

{K(p)T pv (-p)) = (p P p„ -p 2 5 pl/ ) 



Kf r 



An 

Under an improvement transformation Q4.9|) , the structure functions shift as follows: 

Tfr =Tf r +t Tff , 

1 (4.11) 
K 'fr = K fr +t Kff . 

As explained above, in a superconformal theory there is a preferred 7Z' a p, whose corre- 
sponding J'( z ^> is a redundant operator. Typically, it differs from a natural choice lZ a p 
in the UV by an improvement transformation (|4.8[) . In order to find the value of t that 
characterizes this improvement, we can use ( |4.10| ) and the fact that the operators in J'^ 
are redundant to conclude that must vanish [p6| . Alternatively, we can determine t 



by applying the F- maximization principle, which was conjectured in [27,28] and proved 
in 0. 

We will now discuss two-point functions of operators in the 7£-multiplet. They are 
parameterized by four dimensionless structure functions r rr , t zz , K rr , and k zz , 



rr 



(jI r) (p)jI r H-p)) = (p»p» ~ A«0^ + 

(ji Z) (p)ji Z H-p)) = (p^ + W>V|f , 

(3i Z \p)A R \-p)) = -(p^-pX^+e„ P P pl -^ , t 4 ' 12 ) 
^ Ztv o 



(J {Z \P)J {Z \-P)) = # 



(^(P)^(-P)> = -^(P»P» ~P\u) 
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The two-point function {T^ u (p)T p \(—p)) is given by ( plf ) with 



Tff = 32 ' Tg = 32 ' K 9 = 12 ( K rr + K zz ) ■ (4.13) 



The subscripts rr and zz are associated with two-point functions of the currents 
and ' . Note that r g + r' g = ^ , which is non-negative and vanishes in a superconformal 
theory. As before, an improvement transformation (|4.8|) shifts the structure functions, 



r' rr = T rr + 2t Tf r + t 2 Tff 



= Tzz - 2t? fr ~t 2 ?ff , 

2 ( ^ 

+ 2t Kf r + t Kff, 



t 2 

^2,Z ~~ ^ZZ ^ f T t ^ f f ' 



Note that r' and k 9 in ( f4.13|) are invariant under these shifts. 



In a superconformal theory, the operators J^ z \ and jjt are redundant. However, 
we see from Q4.10|) and (|4.12|) that they give rise to contact terms, which are parameterized 
by Kfr and k zz - These contact terms violate conformal invariance. Unless «/ r and 
properly quantized, they cannot be set to zero by a local counterterm without violating 
the quantization conditions for Chern-Simons counterterms explained in the introduction. 
This leads to a new anomaly, which will be discussed in section 5. 

4-3. Background Supergravity Fields 

In order to get a better understanding of the contact terms discussed in the previous 
subsection, we couple the 7£-multiplet to background supergravity fields. (See appendix B 
for relevant aspects of Af = 2 supergravity.) To linear order, the 7£-multiplet couples to 
the linearized metric superfield H^. In Wess-Zumino gauge, 

= ~ {ore) (v - «W - \<® c * - + l f 2 e^ + hp? (a, - . (4.15) 

Here is the linearized metric, so that g^ = d pu + 2h^ u . The vectors C M and are 
Abelian gauge fields, and B^ v is a two-form gauge field. It will be convenient to define the 
following field strengths, 

^ = -e^pd^CP , 0*% = , 

1 „ (4-16) 



2 -m^p 1 



H - -: ll „„0> l B v f > . 
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Despite several unfamiliar factors of % in ( f4.15| ) that arise in Euclidean signature, the 
fields Vp and H are naturally real. Below, we will encounter situations with imaginary H, 
see also HQ]. 

If the theory is superconformal, we can reduce the 7£-multiplet to a smaller super- 
current. Consequently, the linearized metric superfield Hp enjoys more gauge freedom, 
which allows us to set Bp V and Ap — \ Vp to zero. The combination Ap — remains and 
transforms like an Abelian gauge field. 

Using Hp, we can construct three Chern-Simons terms (see appendix B), which cap- 
ture the contact terms described in the previous subsection. As we saw there, not all of 
them are conformally invariant. 

• Gravitational Chern-Simons Term: 

19211 A „ 3 „ (4.17) 

+ 4ie^(Ap - -Vp)d v (A p - -Vp) + (fermions) ) . 

We see that the M = 2 completion of the gravitational Chern-Simons term ( |1.9j ) also 
involves a Chern-Simons term for Ap — |V M . Like the flavor-flavor term ([4.5|), the 
gravitational Chern-Simons term ( [4.17] ) is conformally invariant. It was previously 



studied in the context of conformal Af = 2 supergravity [[30] , see also [PI~l|3"2fl . 

Z-Z Chern-Simons Term: 

J? zz = -^(ie^ p (Ap-^Vp)d4A p -^Vp) + ^HR+--- + (fermions)) . (4.18) 

Here the ellipsis denotes higher-order terms in the bosonic fields, which go beyond 
linearized supergravity. The presence of the Ricci scalar R and the fields H, Ap — iV^ 
implies that Q4.18Q is not conformally invariant. 

Flavor-R Chern-Simons Term: 

^ fr = -^(ie^Pap j d v (Ap-^V p ) + ^aR-DH + --- + (feTrmons)) . (4.19) 

27T V 2 4 J 

The meaning of the ellipsis is as in ( |4.18j ). Again, the presence of R, H, and Ap — \Vp 
shows that this term is not conformally invariant. The relative sign between the Chern- 
Simons terms ( fl.5| ) and ( |4.19| ) is due to the different couplings of flavor and /^-currents 
to their respective background gauge fields. 
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Note that both ( [4.17 ) and ( f4.18|) give rise to a Chern-Simons term for A^. Its overall 
coefficient is K rr = jf — k Z2 , in accord with (f4.13| ). 

It is straightforward to adapt the discussion of section 2 to these Chern-Simons terms. 
Their coefficients can be modified by shifting the Lagrangian by appropriate counterterms, 
whose coefficients are quantized according to the periodicity of the global symmetries. 
Instead of stating the precise quantization conditions, we will abuse the language and say 
that the fractional parts of these coefficients are physical, while their integer parts are 
scheme dependent. 



5. A New Anomaly 

In the previous section, we have discussed four Chern-Simons terms in the background 
fields: the flavor-flavor term Ql.5|) , the gravitational term ( j4.17[ ), the Z-Z term ( 4.18|) , and 



the flavor- R term ( f4.19| ). They correspond to certain contact terms in two-point functions 
of operators in the flavor current J and the 7^-multiplet. As we saw above, the flavor-flavor 
and the gravitational Chern-Simons terms are superconformal, while the Z-Z term and the 
flavor-i? term are not. The latter give rise to non-conformal contact terms proportional 
to k zz and Kf r . 

The integer parts of k zz and k / r can be changed by adding appropriate Chern-Simons 
counterterms, but the fractional parts are physical and cannot be removed. This leads to 
an interesting puzzle: if k zz or Kf r have non- vanishing fractional parts in a superconfor- 
mal theory, they give rise to non-conformal contact terms. This is similar to the conformal 
anomaly in two dimensions, where the redundant operator has nonzero contact terms. 
However, in two-dimensions the non-conformal contact terms arise from correlation func- 
tions of the conserved energy-momentum tensor at separated points, and hence they cannot 
be removed by a local counterterm. In our case, the anomaly is a bit more subtle. 

An anomaly arises whenever we are unable to impose several physical requirements 
at the same time. Although the anomaly implies that we must sacrifice one of these 
requirements, we can often choose which one to give up. In our situation we would like to 
impose supersymmetry, conformal invariance, and compactness of the global symmetries, 
including the i?-symmetry. Moreover, we would like to couple the global symmetries to 
arbitrary background gauge fields in a fully gauge-invariant way. As we saw above, this 
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implies that the corresponding Chern-Simons counterterms must have integer coefficients.! 
If the fractional part of k zz or Kf r is nonzero, we cannot satisfy all of these requirements, 
and hence there is an anomaly. In this case we have the following options: 

1. ) We can sacrifice super symmetry. Then we can shift the Lagrangian by non- 

supersymmetric counterterms that remove the non-conformal terms in ( |4.18| ) and (|4.19 ) 
and restore conformal invariance. Note that these counterterms are gauge invariant. 

2. ) We can sacrifice conformal invariance. Then there is no need to add any counterterm. 

The correlation functions at separated points are superconformal, while the contact 
terms are supersymmetric but not conformal. 

3. ) We can sacrifice invariance under large gauge transformations. Now we can shift the 

Lagrangian by supersymmetric Chern-Simons counterterms with fractional coefficients 
to restore conformal invariance. These counterterms are not invariant under large 
gauge transformations, if the background gauge fields are topologically non-trivial. 

The third option is the most conservative, since we retain both supersymmetry and 
conformal invariance. If the background gauge fields are topologically non-trivial, the 
partition function is multiplied by a phase under large background gauge transformations. 
In order to obtain a well-defined answer, we need to specify additional geometric data.il 
By measuring the change in the phase of the partition function as we vary this data, we 
can extract the fractional parts of k zz and Kf r . Therefore, these observables are not lost, 
even if we set the corresponding contact terms to zero by a counterterm. 

This discussion is similar to the framing anomaly of |T0|. There, a Lorentz Chern- 
Simons term for the frame bundle is added with fractional coefficient, in order to make 
the theory topologically invariant. This introduces a dependence on the trivialization of 
the frame bundle. In our case the requirement of topological invariance is replaced with 
superconformal invariance and we sacrifice invariance under large gauge transformations 
rather than invariance under a change of framing. 

Finally, we would like to point out that the anomaly described above has important 
consequences if the theory is placed on a curved manifold [|IT| . For some configurations of 



Here we will abuse the language and attribute the quantization of these coefficients to in- 
variance under large gauge transformations. As we reviewed in the introduction, a more careful 
construction requires a choice of auxiliary four-manifold. The quantization follows by demanding 
that our answers do not depend on that choice. 

9 More precisely, the phase of the partition function depends on the choice of auxiliary four- 
manifold, which is the additional data needed to obtain a well-defined answer. 
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the background fields, the partition function is not consistent with conformal invariance 
and even unitarity. 



6. A Perturbative Example: SQED with a Chern-Simons Term 

Consider M = 2 SQED with a level k Chern-Simons term for the dynamical U(l) v 
gauge field and Nf flavor pairs Qi : Qr that carry charge ±1 under U(l) v . The theory also 
has a global U(l) a flavor symmetry under which Qi, Q~ all carry charge +1. Here v and a 
stand for 'vector' and 'axial' respectively. The Euclidean flat-space Lagrangian takes the 
form 

J? = -Jd 4 6 (Q i e 2 ^Q i + Qre- 2 ^Q T -^ 2 v + ^K,£^ , (6.1) 

where e is the gauge coupling and V v denotes the dynamical U(l) v gauge field. (The hat 
emphasizes the fact that it is dynamical.) Note that the theory is invariant under charge 
conjugation, which maps V v — > —V v and Qi -B- Qr. This symmetry prevents mixing of 
the axial current with the topological current, so that some of the subtleties discussed in 
section 3 are absent in this theory. 

The Chern-Simons term leads to a mass for the dynamical gauge multiplet, 

hp 2 

M = £ . (6.2) 

This mass is the crossover scale from the free UV theory to a non-trivial CFT labeled 
by k and Nf in the IR. We will analyze this theory in perturbation theory for k 3> 1. In 
particular, we will study the contact terms of the axial current, 

J=m 2 + \Q7\\ (6-3) 

and the 1Z- multiplet, 

e . (6.4) 

Here lZ™p is associated with the matter fields and assigns canonical dimensions to Qi,Q~. 
In the IR, the 1Z- multiplet flows to a superconformal multiplet, up to an improvement by 
the axial current J . Therefore, at long distances J^ z > is proportional to iDDJ. 
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Fig. 1: Feynman diagrams for flavor-flavor. The solid dots denote the appropri- 
ate operator insertions. The dashed and solid lines represent scalar and fermion 
matter. The double line denotes the scalar and the auxiliary field in the vector 
multiplet, while the zigzag line represents the gaugino. 



We begin by computing the flavor-flavor contact term k/^gft m the two-point func- 
tion of the axial current ( |6.3|) , by flowing from the free UV theory to the CFT in the IR. 
Using (|4.2|) , we see that it suffices to compute the correlation function (J(p)K(—p)) at 
small momentum p 2 — > 0. In a conformal field theory, the correlator (J(x)K (0)) vanishes 
at separated points, and hence we must obtain a pure contact term. More explicitly, we 
have 

J = \Qi\ 2 + l^l 2 , K = ~ ■ (6-5) 

There are two diagrams at leading order in jk displayed in fig. 1. The first diagram, with 
the intermediate gaugino, is paired with a seagull diagram, which ensures that we obtain a 
pure contact term. The second diagram vanishes by charge conjugation. Evaluating these 
diagrams, we find 

B ym(J( P )A'(- P )> = ^ + (^ , (6.6) 

and hence 



n 2 Nt ( 1 

«//,CFT = ^/ + Of F ) • (6.7) 
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We similarly compute the flavor- R contact term «/ ri cFT by flowing into the CFT from 
the free UV theory. It follows from (}4.10| ) that it can be determined by computing the 
two-point function (J(p)J^ Z \—p)} at small momentum p 2 -»■ 0. Using we find 

J {Z) = ~ UvD v - % ^\ V \A . (6.8) 

Since J^ z ' is proportional to iDDJ at low energies, the operator flows to an operator 
proportional to K. The coefficient is determined by the mixing of the i?-symmetry with 
the axial current J, which occurs at order -X. Since (J(x)K(O)) vanishes at separated 
points, the two-point function of J and must be a pure contact term. Unlike the 
flavor-flavor case, several diagrams contribute to this correlator at order jr (fig. 2). Each 
diagram gives rise to a term proportional to X . However, these contributions cancel, and 
we find a pure contact term, 

ta< JW J«(-p)> = -^ + o(i) , (6.9) 

so that 

«/,CFT = -^ + o(y . (6.10) 

Since this value is fractional, it implies the presence of the anomaly discussed in the 
previous section. 

We have computed k//,cft and K/ r ,cFT by flowing into the CFT from the free UV 
theory. It is instructive to follow the discussion in subsection 3.4 and further deform the 
theory by a real mass m <C M. In order to preserve charge conjugation, we assign the same 
real mass m to all flavors Qi , Qr. This deformation leads to a gap in the IR. Even though 
a topological theory with Lagrangian proportional to ie^Pv^dj/Vp can remain, it does not 
mix with J or 1Z a p because of charge conjugation. Therefore, the contact terms Kff 
and Kf r must be properly quantized in the IR. (Since the matter fields in this example 
have half-integer .R-charges, this means that Kf r should be a half-integer.) 

For the axial current, we have 

( 2N f p 2 > M 2 

~ \ T ff , CFT = 2N f -0 (£) m 2 < p 2 < M 2 (6.11) 
[ p 2 < m 2 

The fact that f// = in the IR follows from the fact that the theory is gapped. Similarly, 

( p 2 > M 2 

Kff « I K//.CPT = 4^ + ° (w) ™ 2 « P 2 « M 2 ( 6 - 12 ) 

^ — Nf sgn(m) p 2 m 2 
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Note that parity, which acts as k — > —k, m — > — m, — «//, with r// invariant, is a 

symmetry of ( |6. 1 1| ) and ( |6.12j ). 



For the two-point function of the axial current and the 7?.-multiplet, we find 

p 2 > M 2 

? fr ~ { r/,,CFT = O (£) m 2 «p 2 «M 2 (6.13) 
p 2 <^m 2 



Here r/ rj cFT measures the mixing of the axial current with the UV 7?.-multiplet 
For the superconformal 7?.-multiplet of the CFT, we would have obtained r/ r cFT = 0, as 
explained after ( 4.11 ). Similarly, 



p 2 > M 2 

K/ r , C FT = + m 2 <p 2 <M 2 (6.14) 

Nt i \ 2^2 

-g 1 - sgn(m) p <C m 



As before, (|6.13p and (|6.14[) transform appropriately under parity. 



Let us examine the flow from the CFT to the IR in more detail, taking the UV crossover 
scale M — > oo. In the CFT, the operator is redundant, up to O (-p-) corrections due 
to the mixing with the axial current. Once the CFT is deformed by the real mass m, we 
find that 

j( z ) = m J + (\, ^ J , (6.15) 



e 2 ' k 



where J is the bottom component of the axial current ( |6.3| ), which is given by ( |6.5|) . (As 
always, the operator equation ( |6.15| ) holds at separated points.) Substituting into ( |4.10| ), 
we find that 

|r^ +m( , (p)J( _ p)HO (^) = ^ + ^ ? „ +0 (^) . ( , 16) 

Here it is important that the two-point function of J does not have a contact term in the 
CFT. Explicitly computing r//, we find that 



2N f -0($) p 2 ^m 
Tft ^\& 2 -^^ + i^(m))+0(^) p 2 «m 



(6.17) 



This is consistent with ( |6.14| ) and ( |6.16| ). 
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7. Checks of Dualities 

In this section we examine dual pairs of three-dimensional M = 2 theories, which are 
conjectured to flow to the same IR fixed point. In this case, the various contact terms 
discussed above, computed on either side of the duality, should match. 

First, as in [|33l - 37fl , the three-sphere partition functions of the two theories should 



match, up to the contribution of Chern-Simons counterterms in the background fields. 
Denote their coefficients by 8k. 



Second, as in the parity anomaly matching condition discussed in ||24jl , the fractional 
parts of these contact terms are intrinsic to the theories. Therefore, the Chern-Simons 
counterterms that are needed for the duality must be properly quantized. This provides a 
new non-trivial test of the duality. 

Finally, these counterterms can often be determined independently. Whenever differ- 
ent pairs of dual theories are related by renormalization group flows, the counterterms for 
these pairs are similarly related. In particular, given the properly quantized Chern-Simons 
counterterms that are needed for one dual pair, we can determine them for other related 
pairs by a one-loop computation in flat space. This constitutes an additional check of the 
duality. 

In this section we demonstrate this matching for M = 2 supersymmetric level-rank 



duality and Giveon-Kutasov duality We compute some of the relative Chern-Simons 
counterterms, both in flat space and using the three-sphere partition function, and verify 
that they are properly quantized. 

7.1. Level-Rank Duality 

Consider an M = 2 supersymmetric U(n) gauge theory with a level k Chern-Simons 
term. We will call this the 'electric' theory and denote it by U(n)k- In terms of the SU{n) 
and U(l) subgroups, this theory is equivalent to (SU(n)k x U{l) n k) /Z n , where we have 
used the conventional normalization for Abelian gauge fields. This theory flows to a purely 
topological U(n) Chern-Simons theory with shifted levels, denoted by U ( n )l^k)(\k\-n) kn 
The first subscript specifies the level of the SU (n) subgroup, which is shifted by integrating 
out the charged, massive gauginos (recall that their mass has the same sign as the level k), 
and the second subscript denotes the level of the U(l) subgroup, which is not shifted. 

The dual 'magnetic' theory is a supersymmetric U(\k\—n)-k Yang-Mills Chern-Simons 
theory. It flows to the purely topological theory U(\k\ — n )°^ sn ^ n _fc(iju_ n ) • This theory is 
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related to the other topological theory described above by conventional level-rank duality 
for unitary gauge groups []39[].0 

These theories have two Abelian symmetries: a,U(l)n symmetry under which all gaug- 
inos have charge +1, and a topological symmetry £7(1) j. The topological symmetry corre- 
sponds to the current = ^e^ up TrF up on the electric side, and to j M = — ^e^pTrF"? 
on the magnetic side. 

We can integrate out the gauginos to obtain the contact term K rr in the two-point 
function ( }4.12| ) of the .R-current. On the electric side, we find K rr , e = — h sgn(/c)n 2 , and on 
the magnetic side we have K rr>m = \ sgn(fc) (|fc| — n) 2 . We must therefore add a counterterm 



5n rr = — - sgn(fc) [(\k\ - n) 2 + n 2 ) 



(7.1) 



to the magnetic theory. Taking into account possible half-integer counterterms that must 
be added on either side of the duality because of the parity anomaly, what remains of the 
relative counterterm ( |7.1|) is always an integer. 

In order to compute the contact term associated with U(l)j, we follow the discussion 
in subsection 3.2 and integrate out the dynamical gauge fields to find the effective theory for 
the corresponding background gauge field. In the electric theory, this leads to Kjj, e = — 
and in the magnetic theory we find Kjj m = Hence we need to add an integer 



Chern-Simons counterterm to the magnetic theory, 

5k j j = -sgn(fc) 

7.2. Giveon-Kutasov Duality 



(7.2) 



Consider the duality of Giveon and Kutasov ||38|1 - The electric theory consists of 
a U(n)k Chern-Simons theory with Nf pairs Qi,Q~ of quarks in the fundamental and 
the anti-fundamental representation of U(n). The global symmetry group is SU(Nf) x 
SU(Nf) x U(1)a x U(l)j x U(1)r. The quantum numbers of the fundamental fields are 
given by 



Fields 


U[n) k 


SU(N f ) 


SU(Nf) 


U(l] 


aU(1] 


j U(1) R 


Q 


□ 


□ 


1 


1 





1 

2 


Q 


□ 


1 


□ 


1 





1 

2 



(7.3) 



10 The authors of [39| restricted n to be odd and k to be even. This restriction is unnecessary 
on spin manifolds. Furthermore, we reversed the orientation on the magnetic side. 
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The magnetic dual is given by a U(n = Nf + \k\ — n)-k Chern-Simons theory. It 
contains Nf pairs <f , q~ of dual quarks and iV? singlets M^ 1 , which interact through a 
superpotential W = q l Mi'qr. The quantum numbers in the magnetic theory are given by 



Fields 


U(n)- k 


SU(N f ) 


SU(N f ) 


U(1)a U(l) 


j U(1) R 


Q 


□ 


□ 


1 


-1 


1 

2 


Q 


□ 


1 


□ 


-1 


1 

2 


M 


1 


□ 


□ 


2 


1 



(7.4) 



As before, the topological symmetry U(l)j corresponds to j M = -^e tJiUp TrF up on the 
electric side, and to = —^e^ p TrF" p on the magnetic side. Note that none of the 
fundamental fields are charged under U(l)j. 

This duality requires the following Chern-Simons counterterms for the Abelian sym- 
metries, which must be added to the magnetic theory:0 



Skaa = -sga{k)N f {Nf 

5kjj = -sgn(fc) , 
1 

SKAr 



\k\) 



-sgn(k)N f (N f + \k\ 
1 



2n) 



(7.5) 



Sn rr = — sgn(fc) (2k 2 - 4\k\n + 3\k\N f + An 2 - 4nN f + Nj) 



This was derived in [571] by flowing into Giveon-Kutasov duality from Aharony duality ||0| 
via a real mass deformation.il! Note that these Chern-Simons counterterms are properly 
quantized: 5kaa and Skjj are integers, while Skat is half-integer and 5n rr is quantized in 
units of j. This is due to the presence of fields with i?-charge |. 

We can also understand ( f?T5| ) by flowing out of Giveon-Kutasov duality to a pair of 
purely topological theories. If we give a real mass to all electric quarks, with its sign oppo- 
site to that of the Chern-Simons level k, we flow to a U (n) k+ S gn(k)N f theory without matter. 
The corresponding deformation of the magnetic theory flows to U(\k\ — n)_^+ sg n(k)N f )- 
Level-rank duality between these two theories without matter was discussed in the previ- 
ous subsection. Given the counterterms ( |7.1|) and (|7.2|) that are needed for this duality 
and accounting for the Chern-Simons terms generated by the mass deformation, we repro- 
duce ( Oh . 



11 Similar counterterms are required for the SU(Nf) x SU(Nf) flavor symmetry [[34-37]. 

12 The R- symmetry used in f37| assigns i?-charge to the electric quarks Qi,Qj. Therefore, 
our results for 8k at and 5K rr differ from those of |37t] by improvements ( [4.11 ) and ( 4.14 ). 
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7.3. Matching the Three-Sphere Partition Function 

As explained in [11]], we can read off the contact terms Kff and Kf r from the de- 
pendence of the free energy F$3 on a unit three-sphere on the real mass parameter m 
associated with the flavor symmetry: 



1 



2tt dm 2 



ImFs^ 



1 d 



ReF s s 



m=0 



(7.6) 



m=0 



27T dm 

We can use this to rederive some of the relative Chern-Simons counterterms in ( |7.5|) . 
Let us denote by m and £ the real mass parameters corresponding to U(1)a and U(l)j. 
(Equivalently, £ is a Fayet-Iliopoulos term for the dynamical gauge fields.) Using the 
results of ||41[| , it was shown in that the difference between the three-sphere partition 
functions of the electric and the magnetic theories requires a counterterm 

5F S 3 = sgn(k) (mNf(Nf - \k\)m 2 + Tci£ 2 + nN f (N f + \k\ - 2n)m) H . (7.7) 

where the ellipsis represents terms that are independent of m and £. (Our conventions 
for the Chern-Simons level k differ from those of |56[] by a sign.) An analogous result was 
obtained in [57| for a different choice of .R-symmetry. Using (|7.6| ), we find the same values 
for Skaa, 5kjj, and 5k Ar as in (|7.5|). Note that the counterterm ( |7.7| ) does not just affect 
the phase of the partition function, because the term linear in m is real. 

Many other dualities have been shown to require relative Chern-Simons counter- 
terms [^3| - ^3| . It would be interesting to repeat the preceding analysis in these examples. 
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Appendix A. Free Massive Theories 

Consider a complex scalar field <fi of mass m, 

J?=\d fl <p\ 2 + m 2 \cp\ 2 . (A.l) 

This theory is invariant under parity and has a U(l) flavor symmetry under which <p has 
charge +1. The corresponding current is given by 

in = i - <j>d$) . (A.2) 

In momentum space, the two-point function of is given by ( |2.1|) with 



p 2 \ 2 

r ' 



m 2 I 7v 



Am \ ( 2\m\ \ 2\m\ 

1 H 7— arccot 



P 2 ) \ \p\ J \p\ J ' (A.3) 



K = . 

The fact that k = follows from parity. The function r (p 2 / m 2 ) interpolates between r = 1 
in the UV and the empty theory with r = in the IR, 



2 N | 1 + p 2 » m 2 



-i ] ^p- l +o(m P 2 «m 2 (A ' 4) 

Sir \m\ \ \m J ; ^ 



Now consider a Dirac fermion i/j with real mass m, 

= -i^^d^ip + irmjjip . (A. 5) 

The mass term explicitly breaks parity. The U(l) flavor symmetry that assigns charge +1 
to ip gives rise to the current 

ji* = -^7m^ > ( A - 6 ) 
whose two-point function is given by (|2.1| ) with 

P 2 \ 2 



m 2 / 7r 



4m 2 \ /2|m|\ 2\m\ 

1 ft - arccot . . + 



P 2 J V \p\ J \p\ 



p 2 \ m ( 2\m\ 

k — - = — — arccot 



(A.7) 



to 2 / \p\ \ \p\ 

Note that m — >■ — m under parity, so that r is invariant and k — >■ — «. Again, the func- 
tion r (p 2 /m 2 ) interpolates between r = 1 in the UV and r = in the IR, 

2 \ (i + o(z£) p 2 ^>m 2 

\ p ) (AS) 
^- l+ o( K) P 2 <^m 2 

The function k (p 2 /m 2 ^ interpolates from k = in the UV, where the theory is massless 
and parity invariant, to k = — \ sgn(m) in the empty IR theory, 
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T, k| 

1.0 h 




Fig. 3: Function r for the free scalar (blue, dotted) and functions r and \k\ for 
the free fermion (red, dashed and solid). 



The function r (p 2 /m 2 ) in (|A.3| ) for a free scalar and the functions r (p 2 /m 2 ) and k (j> 2 /m 2 ^ 
in ( |A.7| ) for a free fermion are shown in fig. 3. At the scale p 2 ~ m 2 these functions display 
a rapid crossover from the UV to the IR. 

In theories with M = 2 supersymmetry, we can consider a single chiral superfield $ 
with real mass m. This theory has a global U(l) flavor symmetry, and the associated 
conserved current j M , which resides in the real linear multiplet J = (fre 2tmee <&, is the 
sum of the currents in ( |A.2|) and (|A.6| ). Therefore, the function r (j^z^ is the sum of 
the corresponding functions in ( |A.3|) and ( |A.7|) . Since k j only receives contributions 
from the fermion it is the same as in ( |A.7|) . From ( A.4 ) and (|A.8| ), we see that the 
total t ^^rj ~ 2 when p 2 ^> m 2 . In supersymmetric theories it is thus convenient to 
define r = 5, so that that r ( Ay ) ~ 1 when p 2 ^> m 2 for a chiral superfield of charge +1 



2 ' ^ u " u u " u ' V m 

and real mass m 



Appendix B. Supergravity in Three Dimensions 

In this appendix we review some facts about three-dimensional M = 2 supergravity, 
focusing on the supergravity theory associated with the 1Z- multiplet. It closely resem- 
bles M = 1 new minimal supergravity in four dimensions ||44)| . For a recent discussion, 
see H5^. 
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B.l. Linearized Supergravity 

We can construct a linearized supergravity theory by coupling the 7^-multiplet to the 
metric superfield H^, 

5^ = -2 I d A en^ . (b.i) 



The supergravity gauge transformations are embedded in a superfield L a , 

8U a p = l - (D a L p - DpL a ) + (a fi) . (B.2) 



Demanding gauge invariance of ([B . 1|) leads to the following constraints: 



D a D 2 L a + D a D 2 L a = . (B.3) 
In Wess-Zumino gauge, the metric superfield takes the formlll 

= ~ {ore) (v - is^) - \eec, - l -e 2 M, + + \o 2 o 2 (a, - jg . (b.4) 

Here h^ u is the linearized metric, so that g^ u = + 2h^„. The vectors C M and are 
Abelian gauge fields, and B^ v is a two-form gauge field. The gravitino V> M will not be 
important for us. We will also need the following field strengths, 



V» = -e^VC , c>% = 

1 (B.5) 

2 l 



We can now express the coupling (|B.1|) in components, 

5^ = -Tp V hP v + jl R) (A" - ^V^) - ijWC + J {Z) H + (fermions) . (B.6) 

Since the gauge field A^ couples to the .R-current, we see that the gauge transfor- 
mations ( p.2j ) include local ^-transformations. This supergravity theory is the three- 
dimensional analog of M = 1 new minimal supergravity in four dimensions |44 . 
It will be convenient to introduce an additional superfield, 

V n = \jf[D a ,D^ , (B.7) 



13 Like the 7£-multiplet in ( |4.7| ), the metric superfield contains factors of i that are absent in 
Lorentzian signature. 
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which transforms like an ordinary vector superfield under ( [B.2|) . Up to a gauge transfor- 
mation, it takes the form 

V n = (9^9) (Ap - \Vp) - i66H + \e 2 t (8 2 h% - c^cT V) + (fermions) . (B.8) 

The corresponding field strength = ^DDV-u is a gauge-invariant real linear superfield. 
The top component of V% is proportional to the linearized Ricci scalar, 

R = 2 (d 2 h% - d»d u V) + O (h 2 ) . (B.9) 

With this definition, a d- dimensional sphere of radius r has scalar curvature R = — d ^ d ^ 1 ^ . 

In a superconformal theory, the 7£-multiplet can be improved to a superconformal 
multiplet with J^ z > = 0, as discussed in subsection 4.2. In this case the superfield L a is 
no longer constrained by ( |B.3| ), and hence "H M enjoys more gauge freedom. In particular, 
this allows us to set H and A^ — to zero. The combination A p — |V M remains and 
transforms like an Abelian gauge field. 

B.2. Supergravity Chern- Simons Terms 

We will now derive the Chern-Simons terms ( [4.17| ), ( |4.18| ), and (|4.19|) in linearized 



supergravity. We begin by considering terms bilinear in the gravity fields, 

6Sf = -2 J tfeWW^H) ■ (B.10) 

Here W^(%) is linear in %. By dimensional analysis, it contains six supercovariant deriva- 
tives. Comparing to ( P-l| ), we see that W At ('H) should be invariant under ( P-2|) and satisfy 



the defining equation Q4.6| ) of the 7£-multiplet. It follows that the bottom component 
of W M ("H) is a conserved current. 

There are two possible choices for W M ('H), 



= i {S^d 2 - d p d u ) DDW + -^f[D a ,D p ]E n , 

_ 4 (B.ll) 

K ZZ) = pf [D a ,D p ]E H . 

The first choice wjf^ leads to the J\f = 2 completion of the gravitational Chern-Simons 
term (pTT?D , 



gig) = ^PTr^^Up + 2 -u^u v u p ) + ie^P(A» - ^)d v (A p - ^V p ) + (fermions) . 

(B.12) 
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Here {u p ) up = d u h pfl — d p h up + 0{h 2 ) is the spin connection. Note that we have included 
terms cubic in w M , even though they go beyond second order in linearized supergravity, 
because we would like our final answer to be properly covariant. Both terms in ( B.12 



are 



conformally invariant and only the superconformal linear combination A p — |V M appears. 
This is due to the fact that ( B.12| ) is actually invariant under the superconformal gauge 
freedom ( |B.2| ) without the constraint (B.3). 

Upon substituting the second choice w/f 2 ^, we can integrate by parts in ([B.lOp , 



^ zz) = - J d 4 6V n Z n , (B.13) 

to obtain the Z-Z Chern-Simons term ( |4.18| ), 

#lzz) = ie ^P( A ^ _ Iv^d^Ap - l -V p ) + ^HR + ■■■ + (fermions) . (B.14) 

Here the ellipsis denotes higher-order terms in the bosonic fields, which go beyond linearized 
supergravity. This term contains the Ricci scalar R, as well as H and — ^V p , and thus 
it is not conformally invariant. 



It is now straightforward to obtain the flavor-gravity Chern-Simons term (|4.19|) by 
replacing — > E in (|B.13| ). This amounts to shifting the 7?.-multiplet by an improvement 
term 61Z^ = ^j^[D a , Dp]T,. In components, 

jgfC/r) = lepvPa^Ap - ^V p ) + ^oR - X -DH + ■■■ + (fermions) . (B.15) 

As above, the ellipsis denotes higher-order terms in the bosonic fields and the presence 
of R 1 H, and A^ — shows that this term is also not conformally invariant. 
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